We present the first numerical simulation of actin-driven propulsion by elastic filaments. Specifically, we use a Brownian dynamics formulation of the dendritic nucleation model of actin-driven propulsion. We show that the model leads to a self-assembled network that exerts forces on a disk and pushes it with an average speed. This simulation approach is the first to observe a speed that varies non-monotonically with the concentration of branching proteins (Arp2/3), capping protein and depolymerization rate (ADF), in accord with experimental observations. Our results suggest a new interpretation of the origin of motility that can be tested readily by experiment.
Introduction
There is a type of biological motility, used in a form of cell crawling (1) and by intracellular pathogens such as Listeria monocytogenes (2) , that is driven not by motor proteins but by biological self-assembly of the protein actin. During this process, ATP hydrolysis and activation of the protein complex Arp2/3 drive actin self-assembly from monomers (G-actin) to branched networks of filaments (F-actin) (3), thus providing the necessary thermodynamic free energy to push a bacterium or a cell forward (4, 5) . This driven, non-equilibrium self-assembly process is regulated by a cadre of proteins. It is now possible to drive a latex bead through a buffer solution containing only these proteins (6) (7) (8) (9) . Such beads travel through solution propelled by a dense branched actin network at their rear, demonstrating that nonequilibrium self-assembly of F-actin is sufficient to drive motility.
The standard biochemical model for the regulation of actin-self-assemblydriven motility is the dendritic nucleation model (3, 10, 11) . In this model, actin self-assembles (or "polymerizes") into filaments preferentially at one end (the barbed end) and "depolymerizes" preferentially at the other end (the pointed end). Proteins such as WASP at the moving surface (the rear end of the Listeria bacterium or moving latex bead, or the leading edge of the membrane of a crawling cell) recruit and activate the Arp2/3 protein complex. The activated Arp2/3 catalyzes the nucleation of new branches from pre-existing actin filaments, thus creating new growing barbed ends near the moving surface. To sustain motion, two other essential proteins regulate the turnover of actin monomers: severing protein (ADF), which raises the depolymerization rate by severing filaments in two, and capping protein (Cap), which covers barbed ends and prevents further growth. Thus, filaments just behind the moving surface at the front of the branched network tend to grow due to Arp2/3 and WASP, while filaments at the far end of the branched network tend to depolymerize away due to ADF and Cap.
A key physical question that arises is: how does the self-assembly of a branched network generate forces and produce motion? Many models have been developed to show how the polymerization of a single actin filament can produce a force (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) . Other models show how the dendritic nucleation model creates a branched network morphology (23) (24) (25) (26) (27) (28) . Relatively few models have considered how polymerization of a branched network might lead to force generation; of these, some treat the network as an elastic continuum (29) (30) (31) . Only three approaches explicitly incorporate the morphology of the dendritic nucleation model to produce force and motion (28, 32, 33) . In all three of these simulation models, mass is not conserved; monomers spring into existence and become capable of exerting forces only when they join filaments, and vanish when they fall off. As a result, matter is created just behind the moving surface, leading to motility as an artifact.
In this paper, we use Brownian dynamics to demonstrate that force and motion can indeed emerge from the growth of a branched network in a physically-consistent model. We demonstrate that our model is the first to capture key properties of the dendritic nucleation model by reproducing the characteristic dependence of speed on the concentrations of Arp2/3, capping protein, ADF and actin (8, 34, 35) . Our simulation suggests a new understanding of the mechanism driving motility: the disk emits activated Arp2/3 complex, which gives rise to a buildup of F-actin just behind the disk. If there is a repulsive interaction between the disk and the actin, the disk will move forward to avoid the actin recruited by Arp2/3. We propose explicit experiments to test this new picture.
Simulation Model
Relevant time scales within the dendritic nucleation model span six orders of magnitude. The longest time scale is set by kinetic events such as the depolymerization rate (∼ 1s) (3), while the shortest time scale is determined by diffusion and collision of G-actin monomers (∼ 1µs) and the high frequency dynamics of filaments. The wide range of important time scales poses a challenge to computer simulation. Previous approaches avoid this problem by treating free monomers and those in filaments very differently, leading to potential artifacts (36) . If one insists on treating free monomers and monomers within filaments consistently, one must use a time step that is small enough to capture their short-time-scale dynamics when integrating the equations of motion. On the other hand, in order to study the steady-state, one must be able to reach time scales that are long compared to the slowest reaction rate involved. The compromise that we have chosen is to narrow the range of time scales by increasing the slowest rates, such as the depolymerization rate, by 5 orders of magnitude and and decreasing the filament stiffness by one order of magnitude (see Table 1 ). We also use the enhanced depolymerization rate to mimic the action of severing protein (ADF). The details of our model are presented in the Methods section.
To offset some of these changes, we adjust other variables so that the steady state fluxes are comparable to those observed experimentally. For example, to offset the effect of our artificially-high depolymerization rate, we increase the typical concentration of the G-actin monomers such that the ratio of the effective polymerization rate and the depolymerization rate, K + [G-actin]/K − , is close to the typical experimental value.
In testing our model, our aim is not to reproduce numerically accurate results but to capture experimentally-observed trends and understand what factors control them. In particular, our goal is to gain insight into the mechanism that leads to motility. We will show that the origin of motility in our system (see Results) suggests a possible mechanism for the real system that yields a reasonable speed within a simple order-of-magnitude estimate (see Discussion).
In order to check that our conclusions do not result from the unphysical parameters we have chosen, we have varied the parameters over a range. For example, most of our runs were carried out for a bending stiffness of K B = 100k B T (see Eq. 4), corresponding to a persistence length of 0.5 µm. However, we have also shown that when all other parameters are held fixed, we obtain the same speed for K B = 1000k B T , corresponding to a more realistic persistence length of 5µm.
We have also checked the dependence of our results on K − and other slow rates by decreasing them and showing that the trends remain the same.
Bulk system
Our simulation model is described in the Methods section. For systems that are spatially isotropic on average, we have shown that the Brownian dynamics results for morphology are in quantitative agreement with a meanfield formulation of the dendritic nucleation model (27). This mean-field formulation was in turn shown to be in quantitative agreement with in vitro experiments (37). Thus, our model yields reasonable results for the steadystate bulk system.
Motility
We now break symmetry by introducing a moving surface in the form of a disk, whose back surface (facing the −z direction) emits Arp2/3. This drives self-assembly of a branched network behind the disk, which pushes the disk in the +z direction. We typically begin each run with 5-10% of the actin monomers in dimer form and the rest as free monomers. We begin with some dimers as protofilaments because spontaneous nucleation of filaments, which occurs at a very low rate experimentally (3), is not allowed in our model. We find that the results are not sensitive to the fraction of initial dimers. The dimers and free monomers are initially distributed randomly in the system. Fig. 1(a) shows the displacement, z, of the disk as a function of time for a typical simulation run for a filament stiffness K b = 100 (solid curve). The dashed vertical lines mark the times corresponding to the snapshots (I-III). In the snapshots, free monomers are not shown. The black box corresponds to the simulation box; we have shown part of the periodic images to the right and left. Snapshot I displays the system at t = 70µs. At this time, the disk is still very close to its starting position. The dimers have grown into short filaments and are dispersed throughout the box. By t = 700µms (snapshot II), a branched F-actin network has formed behind the disk and the disk has moved slightly. By t = 2100ms (snapshot III), the disk has moved to the right by nearly a third of the simulation box. Fig. 1(a) shows that once the disk starts moving, the trajectory is linear. Because there are significant fluctuations in the displacement (9,38), we extract speeds from trajectories that are at least 7000µs long (several times longer than that shown in Fig. 1) , and average over the final 3500-4200µs of the trajectory (it takes roughly 1000µs to reach steady state). The error bars for the speed in all of our figures were obtained from the standard deviation calculated over 5 separate simulations run under standard conditions (see Table 1 ).
The typical speed for our simulated systems is 60µm/s. Our speed is simply determined by the polymerization rate. We use K + = 63µM −1 s −1 (see Table 1 ) . To convert this to a net polymerization speed v p , we must multiply by the monomer size, σ = 5nm, by the free monomer concentration just behind the disk, and a factor that characterizes the structure of the network. A reasonable approximation to this factor is cos θ, where θ is the angle between the average tangent vector of filaments just behind the disk and the normal to the disk (13). For the conditions corresponding to Fig. 1 , [G-actin]≈1 mM and cos(θ) = 0.1 − 0.2. This yields an estimate of the polymerization speed v p ≈ 31 − 63µm/s, in good agreement with our result.
The speed found experimentally is significantly slower, with a typical value of a fraction of a micron per minute (7) (8) (9) . We find that when we decrease the depolymerization rate and G-actin concentration by a factor of 10, leaving the ratio K + [G − actin]/K − fixed, the speed decreases by a factor of ∼ 10. As Table I shows, the value of K + [G − actin]/K − that we use is close to the experimental value, but K − and [G-actin] are much higher in our simulation. We would therefore expect our speed to be too high.
It is also possible that part of the difference between our simulated speed and the experimental speed may be due to our neglect of filament binding to the moving surface. Experimentally, it is known that filaments in the branched network bind to the proteins on the disk that active Arp2/3 complex (14, 29, (38) (39) (40) (41) . Finite element simulations (42) suggest that the inclusion of a binding energy between filaments and the disk slows down the speed significantly and enhances fluctuations around the average speed.
An important and surprising result of our calculation is that the speed is independent of bending stiffness. This is shown in Fig. 1(a) , where the speed is the same for systems with bending stiffnesses of K B = 1000k B T , K B = 100k B T and K B = 0k B T . Note that in the flexible case, we have not shown the initial start-up of the disk, which is substantially longer than for stiffer filaments. Our results show that flexible and stiff filament networks exert comparable forces as the filaments polymerize. In all cases, the speed is simply the polymerization speed v p . Thus, the physical origin of motility does not depend sensitively on the bending stiffness of the filaments, as is commonly believed (see Discussion).
Origin of Steady State Force
When the system is in steady state and there is a net force on the disk moving it forwards, there must be an equal and opposite net force on the actin. We have calculated the average force density F z (z) in the z-direction at different distances z from the disk (recall that the disk is constrained to move only in the z-direction). Fig. 2 shows F z (z) in the frame of the moving disk, where z = 0 (marked by a vertical dashed line) always marks the position of the disk. Just behind the disk at z < 0, the force on monomers (free or bound in filaments) is large and negative, as expected because the force exerted by these monomers on the disk is positive. Note that this negative force persists out to about 50nm behind the disk before it drops nearly to zero. For z > 0, the force near the disk is positive because monomers immediately in front are pushed along by the disk. We have verified that the total average force, F z (z)dV , exerted on the actin is equal and opposite to the force on the disk, as it must be. The force on the bead is on the order of 0.1 pN. Although this force seems small, we note that it is the magnitude of the force required to push a 1µm bead at the experimentally-observed speed, and is also, by construction, the force needed to push the disk at the speed that we observe for the viscosity chosen; we have confirmed that the average force on the disk is related to its average speed by the drag on the disk, ζ D , as expected.
Note that while the negative force extends to 50nm behind the disk, the total length of the actin comet tail in our simulations is about 150nm (Fig. 1.III) . Thus, only a relatively small fraction of the network directly behind the disk is subjected to a significant backwards force. This result is consistent with the experimental finding that the actin network in the tail is stationary (7, 43) .
We remark that the force profile shown in Fig. 2 (a) does not contradict the experimental observation that the shape of the tail can be deformed at distances far greater than 50nm from the surface (31), because the moving surface was curved in the experiment and the tail expanded as it moved backwards away from the surface, due to entropy or elastic stresses.
The force on the disk can be viewed as the Newton's third law reaction force to the force in Fig. 2 (a) on the actin, evaluated at the surface of the disk. Thus, uncovering the origin of the force profile behind the disk should help us to understand motility. The solid curve in Fig. 2(b) shows the density profile ρ(z) of actin (note that the free monomer density is nearly constant, with a small dip just behind the disk, so that most of the variation is due to monomers in filament form). In equilibrium, similar density profiles can arise from attraction to the surface. In that case, the chemical potential must be the same everywhere. However, in this steadystate driven system, the density profile does not arise from attractions-the interaction of actin with the disk is purely repulsive. Rather, the density profile is a non-equilibrium effect, arising from the action of Arp2/3, which is emitted from the disk. (In the real system, Arp2/3 is activated at the surface of the disk, so the disk serves as a source of activated Arp2/3.) The non-equilibrium density profile leads to a pressure gradient, dp/dz = (dp/dρ)(dρ/dz) = −(1/κρ)dρ/dz, where κ is the local compressibility of the branched network. The importance of the compression modulus has been emphasized in previous models (29) (30) (31) ). In our case, the force generated depends not only on κ but on the concentration gradient, dρ/dz. Note that the pressure gradient is equal and opposite to the force per unit volume on the actin, shown in Fig. 2(a) . The vanishing of the force near z = −30nm therefore corresponds to the maximum in the concentration there, where
We emphasize that this is not a simple osmotic pressure effect due to free monomers. The density of free monomers (dotted curve in Fig. 2(b) ) is nearly constant, so that the density gradient arises from F-actin, not G-actin.
The fact that the speed corresponds to the polymerization speed for different filament stiffness suggests that the system adjusts the force exerted on the disk to maintain the speed at the polymerization speed, at least at the small loads studied here. Therefore, it should be possible to understand the underlying mechanism for motility without involving the force. The following interpretation does not invoke forces explicitly, but is equivalent to the above arguments and much simpler. In this picture, Arp2/3 complex recruits F-actin to the vicinity of the disk. The interaction between actin and the disk is repulsive, so the disk moves forward to lower the concentration of actin near the surface. This leads to the steady-state density profile of Fig. 2 (b) as well as steady-state motion of the disk at the net polymerization speed.
Dependence on protein concentrations
One key observation of experiments is that the speed is a non-monotonic function of the concentrations of the regulatory proteins involved in the dendritic nucleation model, namely Arp2/3, capping protein and severing protein. Our simulation model is the first to capture this behavior and to explain the physical origin of the non-monotonicity. Fig. 3(a) shows that the speed is a non-monotonic function of Arp2/3 concentration. Similar non-monotonic behavior has been found experimentally (8) . The behavior can be understood as follows. At high Arp2/3 concentrations, most of the excess Arp2/3 is trapped in filaments in the network, forming stubby branches. These short, stubby branches do little to increase the actin concentration behind the disk. However, they do repel actin monomers, lowering the concentration of free monomers at the surface so that fewer of them are available for polymerization. This crowding effect is captured for the first time in our simulation because we treat monomers explicitly. At high Arp2/3 concentration, there appear to be two effects that reduce the speed: first, the maximum in the density profile in Fig. 2(b) broadens as stubby branches proliferate. Second, the concentration of Gactin at the surface decreases. With increasing Arp2/3 concentration, the G-actin concentration at the surface drops below its critical value for polymerization and/or the density gradient in F-actin vanishes; at this point, the speed drops to zero.
The open symbols in Fig. 3(a) show the speed as a function of [Arp2/3] in the case where the depolymerization rate, debranching rate and G-actin concentration have all been decreased by a factor of 10 and the capping rate has been decreased by a factor of 5, relative to the values in Table  1 . While still high, the difference between the closed and open symbols shows the trend to be expected if we could reduce the parameters to their experimental values. The overall trends are the same in both cases, but the speed is slower, as discussed earlier, and the maximum speed is at lower Arp2/3 concentration, as one might expect. The maximum is much narrower as a function of [Arp2/3], which is more consistent with experimental results (8) .
We note that for the typical parameters listed in Table 1 as well as the reduced parameters, the net polymerization rate is comparable to that in the real system. As a result, the filament density in the comet tail is comparable to that observed experimentally. We find a filament density of order a few mM in the comet tail for our standard runs, and of order 0.35 mM for the runs with the reduced reaction rates. This shows that there is some decrease in the amount of F-actin in the comet tail with decreasing depolymerization rate, but the values we find compare reasonably well with previous results of Carlsson (28) . One can also estimate the filament density from the Young's modulus, measured to be Y = 10 3 Pa (29). The Young's modulus for a network of semiflexible polymers with persistence length ℓ p and mesh size ξ m is (44, 45)
where ξ m = 1/ √ σc, where σ is the filament diameter and c is the monomer concentration. This yields c ≈ 1mM, as well.
Since the filament density in our simulation is approximately the same as that in experiments, it is reasonable that the monomer concentration should be reduced near the surface relative to its value in the bulk in the real system. This reduction inevitably leads to a reduction of the polymerization rate with increasing Arp2/3 concentration. Fig. 3(b) shows that the speed is also non-monotonic with capping protein, in agreement with experiment (8, 34) . In this case, it is obvious that too much capping will lead to a vanishing speed. If the capping rate is too low, however, the speed also vanishes. This is because capping and branching act synergistically. Capping stops free barbed ends from growing, thus forcing the system to favor branching to generate new growing ends instead of merely lengthening existing filaments (46, 34, 27 ). The capping rate at the maximum of the curve in Fig. 3(b) is comparable to the debranching rate. Fig. 3(c) shows the dependence of speed on the depolymerization rate. The closed circles correspond to the case in which the Arp2/3 protects the pointed end from depolymerization once it reaches a branch point, and prevents the branch from falling off. There is experimental evidence that Arp2/3 protects the pointed end from depolymerization (10, 47) . In this case, Fig. 3(c) shows that the speed saturates with increasing depolymeriza-tion rate. The open circles correspond to the case in which depolymerization proceeds through the branch point, and the branch falls off. This is consistent with experiments that show that when ADF cofilin is present, Arp2/3 no longer protects the pointed end from depolymerization (47) . Fig. 3(c) shows that in this case, the speed is non-monotonic and decreases with sufficiently high depolymerization rate. The experiments of Loisel et al. (8) exhibit non-monotonic dependence, similar to the open circles in Fig. 3(c) . This suggests that ADF does indeed prevent Arp2/3 from protecting the pointed end from depolymerization. Note that the two curves are the same at low K − , and begin to deviate from each other near the maximum. This corresponds to where K − is comparable to the debranching rate.
Finally, Fig. 3(d) shows the dependence on the overall actin concentration. Again, our results are qualitatively consistent with those of experiment (35). The speed increases with [Actin], because the polymerization rate increases, and saturates at high [Actin] at a maximum polymerization speed, v p . At high [Actin], the concentration of free actin monomers at the surface, needed for polymerization, saturates at roughly 1 mM. This saturation apparently occurs because the branched network becomes denser and more difficult for the free monomers to penetrate in order to reach the disk (24, 48, 49) .
Discussion
Our simulations show that a physically reasonable formulation of the dendritic nucleation model can lead to motility. We have taken great care to avoid possible artifacts. For example, we treat free monomers at the same level as monomers in filaments so that there is no artificial mass transfer or dynamical discontinuity when monomers join or leave filaments.
We have shown that the speed does not depend on the bending stiffness of the filaments (33, 50). This surprising result appears to be consistent with the observation that amoeboid sperm of nematodes (50, 51) moves using a structurally different filament composed of major sperm protein (MSP) instead of actin. These MSP filaments assemble into thick bundles (52) which are likely to be much stiffer than actin filaments.
The case we have studied should correspond to the elastic ratchet model without attached filaments (13) because we have not included binding of filaments to the disk. However, our results appear to be at odds with the elastic ratchet model, which should predict a speed that depends on filament stiffness. One possible source of the discrepancy is that the elastic ratchet model assumes that all of the force on the disk is exerted by monomers at the barbed end of filaments. In our simulations, roughly 40% of the force applied to the disk by filaments arises from monomers that are not at the barbed ends for the stiffer filaments we have studied.
Why then is the speed insensitive to the bending stiffness of filaments? Recall that the disk repels actin, so it prefers a low concentration of actin near the surface. It keeps the actin concentration near its surface low by constantly moving forwards, away from the build-up of F-actin due to the action of Arp2/3. In this picture, the bending stiffness of filaments is not particularly important to the speed, at least at small loads. However, it is likely that the bending stiffness is important to other attributes of motility, such as the ability to withstand high loads.
This new way of thinking about the origin of motility suggests that other experimental realizations of motility should be possible. Any system that can create a non-equilibrium, steady-state concentration profile should be able to develop a steady-state speed. In a real system, the mechanism is somewhat different because of fluid flow (53) . The non-equilibrium chemical potential gradient resulting from the concentration gradient will lead to fluid flow, which will in turn push the disk. It has been understood for some time that a concentration gradient can lead to fluid flow which will push a suspended particle (53) ; this effect is known as "diffusiophoresis." In the case of actin-polymerization-driven motion of a particle such as a bacterium, bead or disk, the particle itself gives rise to the non-equilibrium concentration gradient, so the phenomenon is an example of "self-diffusiophoresis" (54). A recent experiment observing motility of colloids coated on one side with platinum that catalyzes a chemical reaction in solution is an illustration of a very similar phenomenon (55) . Now that we have identified a potential mechanism, we must ask whether it would be significant in the real system, which we will take to be a micronsized bead moving in a cell extract. The real system differs from our simulation in two very important ways. First, the parameter range is very different; the real system has a much lower actin concentration and depolymerization rate constant. Second, there is fluid flow in the real system but not in our simulation. To see whether the proposed mechanism is relevant to the real system, we estimate the speed resulting from the mechanism for realistic conditions within a back-of-the-envelope calculation, and compare it to the observed speed. If it is within an order of magnitude or so of the experimentally observed speed, our candidate is a reasonable one for the mechanism of motility.
To estimate the speed, we must first estimate the concentration gradi-ent of actin near the surface of the disk. Because there is a short-ranged repulsion between monomers and the disk, the concentration at the disk is approximately zero. The concentration of filaments immediately behind the disk, on the other hand, has been estimated by previous calculations (28, 29) to be roughly 1mM. The scale of the rise is on the order of the mesh size of the branched network, roughly 50 nm, so we take the concentration gradient to be ∇c ≈ 1mM/50 nm. We must now calculate the resulting pressure gradient. A crude estimate is based on the ideal gas result, where ∇p ≈ kT ∇c. In the real system, this pressure gradient will lead to an equal and opposite pressure gradient acting on the fluid, which will lead to fluid flow in the actin comet tail that pushes the disk forwards (recall that we assume that the disk prefers to have water near it rather than actin). The magnitude of this flow velocity is related by Darcy's law to the pressure gradient of the actin via the permeability, k:
where η ≈ 2.4 cP is the viscosity of cell extract (56) . The permeability of the actin comet tail can be estimated from calculations for random fiber networks (57) to be k ≈ 10 −5 µm 2 , but this is quite uncertain; it is only clear that it should be quite low. Putting this all together, we obtain a fluid flow speed of v ≈ 1µm/s. The speed of the bead should be comparable. This speed is within an order of magnitude of the observed speed, which is excellent agreement despite the considerable uncertainty in the permeability and pressure estimates. This encouraging result suggests that self-diffusiophoresis is a good candidate for the origin of motility in actinpolymerization-driven systems. The proposed mechanism of motility is falsifiable by a relatively straightforward experiment. According to our simulations, the key to motility lies in the concentration gradient of actin near the disk, which decreases as one approaches the disk from behind because the disk repels actin. This depends on the density of actin at the maximum, ρ max , which occurs roughly 30 nm behind the surface in our simulations (see Fig. 2(b) ), as well as the density at the surface, ρ surf . In the real system, N-WASP or Act-A at the surface not only activates Arp2/3 but also binds F-actin, giving rise to an increase in ρ surf and therefore perhaps decreasing the speed. As the coverage of N-WASP or Act-A increases, both ρ max and ρ surf presumably increase, leaving the difference relatively unaffected. This may be why the speed has been observed to be relatively insensitive to the coverage of Act-A (7) or N-WASP, at least at high coverage (34) . To test our proposed mechanism, we therefore propose the following experiment. Suppose one adds another protein to the surface, in addition to N-WASP, that binds F-actin but does not activate Arp2/3. By increasing the coverage of this second protein at fixed coverage of N-WASP, one should be able to increase ρ surf without affecting ρ max . This would decrease the concentration gradient, so we would predict that it would slow down the particle, and possibly even reverse its direction of motion.
The minimal model we have presented here was designed to capture the most important features of the dendritic nucleation model, and we have tested it by reproducing results from experiments on purified proteins. One feature of the experimental system is missing-this is the binding of filaments to the protein that activates Arp2/3 complex (N-WASp, ActA, etc.). The next step is to incorporate specific binding of filaments to the surface. However, we note that our success in reproducing known non-monotonic trends with various proteins is encouraging, and suggests that binding may not be essential to understanding all features of actin-based motility.
Once we have incorporated binding, the next step will be to incorporate bundling or crosslinking proteins and to use a curved surface. These extensions will allow us to study situations in which the biology has been perturbed, such as ActA mutants that can hop (58) , bundled systems that still move after Arp2/3 has been removed (59) , and systems that move faster or slower when crosslinking proteins have been added (31).
In summary, we have conducted the first physically-consistent simulations of actin-polymerization-driven motility. These simulations are also the first to include semiflexible filaments and to qualitatively reproduce experimentally-measured, non-monotonic trends with the various proteins involved. Our results suggest a new picture for the mechanism of motility that is experimentally falsifiable.
Methods
Here we describe the model, which we solve numerically using Brownian dynamics methods.
Interactions
All actin monomers, whether free or bound in filaments, are modeled as spheres of size σ ≡ 5nm that repel each other with a soft repulsive potential
with K = 100k B T /σ 2 . Monomers within filaments interact with each other via a bond potential (4) with K = 100k B T /σ 2 as in Eq. 3. We introduce a bending potential that imparts stiffness to the filament (60):
We use K B = 100k B T in most of our runs, but have also explored the effect of filament stiffness by using K B = 0k B T and K B = 1000k B T . In Eq. 5, θ is the angle between the bond connecting monomer i − 1 to monomer i and the bond connecting monomer i to monomer i + 1 along a filament and θ 0 = 0 • (see Fig. 4(a) ). Note that i = 1 corresponds to the pointed end. If monomer i is tagged by Arp2/3 complex and is at a y-junction (37, 61, 62), there is also a bending potential of the same form as Eq. 5, where θ is the angle between the bond connecting monomer i at the junction to monomer i + 1 on the branch, and the bond connecting monomer i − 1 on the parent filament to monomer i at the junction (Fig. 4(b) ). In that case, θ 0 = 70 • (37).
For the moving surface, we use a flat disk of thickness σ and radius 10σ (63) . Monomers are repelled from the disk with a potential similar to Eq. 3. Note that we have not included any attractive interaction between filaments and the disk. As a result, the branched network is not attached to the disk, unlike the experimental system (29, (38) (39) (40) (41) . Model calculations (42) suggest that the speed v(E b ) at binding energy E b is given by
, where α(E b ) does not depend on v(E b = 0). This paper focuses on the physical origin of v(E b = 0). We note that even without including binding, we are able to reproduce nontrivial, qualitative trends observed experimentally. Thus, it appears that binding may not be essential to understanding all aspects of motility. Here, we have also neglected crosslinking of the filaments since it is known that neither crosslinking nor bundling proteins are needed for motility (8) .
Branching
In our model, the Arp2/3 complex is treated as a point particle that is generated (activated) at the center of one side of the disk and diffuses away from it. We have also generated Arp2/3 at random points on one side of the disk and found that this makes no difference to the speed. By generating Arp2/3 from one side of the disk but not the other, we break symmetry. As a result, the branched actin network self-assembles on one side of the disk and drives it, on average, in a specific direction (which we define as the +z direction). If Arp2/3 collides with the disk it is reflected without exerting a force on the disk. If Arp2/3 collides with a monomer in a filament, it sticks to it and activates the monomer for branching. The Arp2/3 remains stuck to the branching monomer until the branch falls off, the branching monomer is depolymerized, or the Arp2/3 spontaneously dissociates. Once it detaches from the monomer, it is regenerated near the disk. This procedure is designed to generate a physically reasonable Arp2/3 distribution near the disk surface (34, 63) without imparting forces to it as an artifact. We have confirmed this by running simulations with K + set to zero so that polymerization cannot occur. In this case, the emission of Arp2/3 from the disk does not lead to any motion of the disk.
Note that we do not restrict branching to the barbed end. Because the number of barbed-end monomers is low compared to the total number of monomers in filaments, side branching (10, 37, 65) is the dominant branching mechanism in our model.
Equations of motion
All particles in our system (free monomers, monomers in filaments, Arp2/3 and the disk) evolve according to Brownian Dynamics (Eq. 6) (66), with corresponding phenomenological fricion constants ζ and stochastic random forces F (Eq. 7). Thus, all free monomers, filaments, Arp2/3 and the disk fluctuate in position due to the stochastic random forces acting on them. In addition, they are subjected to forces due to their interactions with each other:
The friction constant ζ 0 of an actin monomer is taken to be ζ 0 = 3πση, where η is the viscosity of the medium. The friction constant of the disk is taken to be ζ D = 20ζ 0 , and that for the Arp2/3 is taken to be ζ 0 .
We convert our results to real units as follows. The unit of length in our model is the size of the actin monomer, σ = 5nm. We take the viscosity to be 2.4cP, as measured experimentally for cell extracts (56) . This yields a monomer diffusion coefficient of D ≡ k B T /ζ 0 = 36µm 2 /s and a characteristic time unit of τ ≡ σ 2 /(2D) = 0.35µs.
Boundary conditions
We use periodic boundary conditions. The disk is constrained to move in the z-direction only. Most of our results are for a system of size 40σ × 40σ × 80σ. Unless explicitly stated otherwise, we find no discernible differences for system sizes 80σ × 80σ × 80σ and 40σ × 40σ × 160σ under standard conditions (Table 1) .
Biochemistry
The next step is to include the self-assembly/biochemistry of the dendritic nucleation model. Our algorithm for actin polymerization is similar to that of Gelbart et al. for nano-colloids (67). We allow polymerization only at the barbed end or at a branching monomer tagged by Arp2/3, and allow depolymerization only at the pointed end.
Polymerization occurs when the center of a diffusing free monomer j is within a distance R ij of the monomer i at the growing end of a filament (solid rimmed circle in Fig. 4(c) ), such that
In addition to satisfying Eq. 8, a free monomer j must also lie within the angular cone
of monomer i. The angle θ is the angle between the vector from monomer i − 1 preceeding monomer i on the filament to monomer i and the vector connecting monomer i to free monomer j (see Fig. 4(c) ). Here, θ 0 = 0 • . Polymerization also occurs when the center of free monomer j is within R ij of monomer i that has been tagged by Arp2/3 as a branching monomer (dashed rimmed circle in Fig. 4(d) ). In that case, monomer j must satisfy Eqs. 8 and 9 with θ 0 = 70 • (see Fig. 4(d) ).
In all cases, we choose δr and δθ in Eqs. 8 and 9 such that the potential energy change due to polymerization is small relative to the thermal energy k B T . Our choice of parameters (δr = 0.1σ, δθ = 0.02) affects the effective polymerization rate but does not otherwise influence our results. To verify this, we have carried out a systematic calibration of the simulation as a function of polymerization rate (Appendix).
Depolymerization is simulated using a first order rate constant, K − . During each time step, ∆t = 0.001τ , each pointed end is checked for depolymerization as follows: a uniformly distributed random number between [0,1] is chosen and compared to the probability for dissociation during that time step, K − ∆t. If the number is smaller than K − ∆t the bond is broken to free the pointed-end monomer. Capping is treated similarly; the probability for a barbed end to become capped during a time step is k C+ ∆t, where k C+ is the pseudo-first order rate constants for capping. The probability for a barbed end to become uncapped is K C− ∆t, where K C− is the first order rate for uncapping. Likewise, in each time step a branch can dissociate from its parent filament with probability K d ∆t where K d is the debranching rate. Finally, we note that we do not include ADF explicitly, but instead vary the depolymerization rate (68) .
In our simulation, we do not explicitly include the free energy changes upon polymerization and depolymerization. Rather, we introduce rate constants that implicitly depend on those free energy changes. In our steady state system with a moving surface, the ratio of the polymerization rate to depolymerization rate has a constant value that exceeds the equilibrium constant, signifying that the system is out of equilibrium.
In addition to the free energy change upon polymerization, which we take into account using a rate constant, we could also introduce a change in the mechanical energy of a filament upon polymerization. This could be done, for example, by storing energy in distortions of the filament. Any mechanical energy added through polymerization would give rise to forces that could lead to motility. An important question is whether polymerization in itself, with no mechanical energy change in the filaments due to polymerization, can give rise to motility. To address this question, we have designed our simulation model so that minimal mechanical energy is introduced into the filament upon polymerization. In this appendix, we will show that it is not necessary to introduce a mechanical energy change in the filaments in order to obtain motility. We note, however, that we cannot rule out the possibility that such a change occurs in the real system.
It has been suggested that ATP hydrolysis may occur during Arp2/3-mediated polymerization at the moving surface (17, 18) . In absence of direct experimental evidence of such a process, however, we prefer to concentrate on the simplest possible case, where no mechanical energy is added to the system even during Arp2/3-mediated polymerization, to see whether motility and reasonable force generation can still occur.
We cannot completely eliminate any addition of mechanical energy to filaments during the polymerization process. However, we can minimize it as follows. We have chosen the spring constant for monomer-monomer repulsion (Eq. 3) to be the same as the spring constant holding monomers together in filaments (Eq. 4). Thus, when a new bond is formed, the repulsive harmonic interaction is replaced by a full harmonic potential with no energy change at any value of the polymerization parameter δr in Eq. 8. However, it is impossible to avoid a mechanical energy change in the filament due to bending of the filament (Eq. 5). The amount of energy change is determined by the parameter δθ in Eq. 9, and is nonzero as long as δθ = 0. We minimize the effect of Eq. 5 by choosing a small value for δθ. To verify that the resulting small change of bending energy does not significantly affect the speed, we also carry out a systematic calibration, as follows.
The range δθ affects not only the change of bending energy stored in the filament due to polymerization, but also the polymerization rate itself.
Larger values of δθ lead to larger values of K + . Both the change in mechanical energy and the polymerization rate can, in principle, affect the speed. Here we check whether the dominant contribution to the change in speed with changing δθ arises from the change in K + , and not the change of bending energy. To check this, we first calculate a "calibration curve" for speed as function of polymerization rate for δθ = 0.02. If changing δθ affects only the polymerization rate, then for different values of δθ, corresponding to different polymerization rates, we should obtain speeds that lie somewhere on the calibration curve.
In order to calculate the calibration curve, we must first measure the polymerization rate. To do this, we construct a system starting with a fixed small concentration of dimers, free monomers, and no disk. We turn off branching, capping and depolymerization and measure the rate of depletion of free monomers. The free monomer concentration as function of time is a first order decay, so we fit it to b 0 exp −K + c 0 t where b 0 is the initial concentration of free monomers and c 0 is the initial concentration of dimers. The fitting parameter K + is the polymerization rate. The value of K + for our standard setup is listed in Table 1 .
The next step in calculating the calibration curve is to vary the polymerization rate without changing the value of δθ. This can be done without changing the energy of the system by introducing a probability P b ≤ 1 for capture of a monomer by the barbed end, given that the free monomer satisfies the conditions of Eqs. 8-9. In our standard runs, we use P b = 1, so we can only decrease the polymerization rate by using P b < 1. The resulting curve for speed vs. polymerization rate is shown in Fig. 5 (rectangular  points) .
With the calibration curve now in hand, we compute the polymerization rate and velocity for three different values of δθ. As shown in Fig. 5 , the speeds observed for δθ = 0.003, 0.005, and 0.015 fall on the calibration curve, as expected. This result demonstrates that δθ affects only the polymerization rate, and that the motility is not caused by sudden changes in the bending energy of filaments undergoing polymerization. In other words, changing δθ only affects the speed through K + at small δθ; there is no significant contribution from the change of bending energy stored in the filament. Thus, we conclude that it is not necessary to include an explicit mechanical energy change upon polymerization in order to obtain motility. Fig. 5 shows that the speed of the disk increases linearly at low polymerization rate and saturates at high polymerization rate. The saturation value of K + is related to [Arp2/3]; at low K + , the velocity is limited by the rate of creation of new growing ends. A straight line fit to the low-polymerization-rate portion of the curve shows that a threshold polymerization rate is needed to obtain a nonzero speed. This threshold rate yields an estimate of the critical actin concentration required for motility, given K − from Table 1 . We find that the critical actin concentration is K − /K + ∼ 2mM, consistent with what we found before in Fig. 4(d 
